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Abstract-An exact solution has been found for the fully-developed convective flow of an electrically 
conducting fluid between two vertical thermally and the electrically conducting walls, under a transverse 
magnetic field. It is found that with the increase of electrical conductance of the walls, the velocity, the 
temperature, the flow rate and the rate of heat transfer decrease and the magnetic field increases, But 
the velocity, the magnetic field, the flow rate, the rate of heat transfer decrease and the temperature 

increases with the increase of thermal conductance of the walls. 
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constant defined in (12); 
dimensionless constant, cl L3/vu; 

specific heat at constant pressure; 
thickness of the walls; 

Planck-constant; 
radiation parameter, cr?/a; 

gravitational acceleration; 

applied magnetic field ; 
induced magnetic field along z-direction; 
dimensionless magnetic field, Hz/apL,ac2H~; 

thermal conductivity of the fluid; 
thermal conductivity of the walls; 
absorption coefficient of the wall; 
half-width of the channel; 
Hartmann number, pLeHo L(a/pv)*; 

temperature gradient; 

pressure; 
radiative heat flux; 
Rayleigb number, gflNL4/vu; 

temperature; 
reference temperature; 
temperature of the fluid; 
velocity, z-direction; 
non-dimensional velocity, uL/uc2 ; 

rectangular coordinates ; 
thermal diffusivity; 
coefficient of thermal expansion; 
non-dimensional coordinate, y/L; 

non-dimensional temperature, - O*/NLcz ; 

magnetic permeability; 
kinematic coefficient of viscosity; 
density of the fluid; 
electrical conductivity of the fluid; 
electrical conductivity of the walls; 
wall conductance ratio, o,djaL; 

thermal conductance ratio, kd/k,,, L. 

INTRODUCTION 

THE HYDROMAGNETIC combined free and forced con- 
vection flow between two vertical parallel plates under 
a transverse magnetic field, has been studied in a 
number of works [l-4]. Yu and Yang [5] have studied 
the effect of thermal and electrical wall conductances 
on the same problem. 

The above studies, however, do not take into account 
heat transfer by radiation, which will be significant 
when we are concerned with space technology and 
higher operating temperatures. The non-magnetic fully- 
developed, laminar convection flow in a vertical 
channel in the optically thin limit has been studied by 
Greif et al. [6] whereas Gupta and Gupta [7] studied 
the same problem in the presence of a transverse 
magnetic field. 

In the present paper, we have studied the effect of 
radiation on the combined free and forced convection 
flow of an electrically conducting fluid between two 
arbitrary thermally and electrically conducting vertical 
parallel walls having a constant vertical temperature 
gradient. An exact solution of the governing equations 
has been obtained. The effect of the dimensionless 
physical parameters characterizing the flow on the 
velocity, the magnetic field, the temperature, the flow 
rate and the rate of heat transfer have been studied 
in detail. 

GOVERNING EQUATIONS AND THEIR SOLUTION 

Consider the combined free and forced convection 
between two parallel vertical walls, due to a constant 
pressure gradient in the presence of a uniform trans- 
verse magnetic field Ho. We employ a Cartesian 
coordinate system with origin at the central line of the 
channel, z-axis along the vertical direction and y-axis 
along the direction of the magnetic field. 

For a fully-developed laminar flow, the velocity 
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and the magnetic field are given by [0, 0, u(y)] and 
[0, Ho, H,(y)] respectively. 

Assuming that the wall temperature has a uniform 

gradient N along the z-direction the temperature of 
the fluid can be assumed as 

T = T*(y) + Nz. (1) 

The y- and z-components of the momentum equa- 

tions for the fully-developed steady flow are 

d2u peHo dH, 
“&Z+ p -F+gb(O*+Nz)-j;=O, (3) 

where 0* = 7’* - r,,. 
The energy and the magnetic induction equations are 

Nu~ccdZB*_L2! 
dy2 PC, 84’ ’ 

(4) 

(5) 

In the energy equation we have neglected viscous 

and Joulean dissipation but included the heat radiation 
emitted by the boundaries. The fluid does not absorb 
its own emitted radiation in the optically thin limit. 
In other words, there is no self-absorption but the fluid 
does absorb radiation emitted by the boundaries. It has 
been shown by Cogley et nl. [8] that in the optically 
thin limit for a non-gray gas near equilibrium, the 

following relation holds 

39, 
- = 4(T- TW) 
ay 

1: k;$$)/L (6) 

Using (6) equation (4) becomes 

Nu = ad28$-&*, 
dy2 

(7) 

where 

(8) 

Subscript “0” indicates that all quantities have been 

evaluated at the reference temperature T,, which is the 
temperature of the wall at z = 0. Hence our study will 
be limited to small difference of wall temperature to 
the fluid temperature. 

Integrating equation (2) we get 

p=-Eg +m. 

Using equation (9) in (3) we have 

d2u p,Ho dH, 
v&Z+ ---+gbB* = +g/3Nz. (10) 

P dy 

Since u and Hz are functions of y only both sides 

of equation (10) must be equal to a constant cl (say). 
Thus, we rewrite equation (10) as 

d2u peHo dH, 

“dyz+ p dy 
----fgpo* = -Cl, (11) 

where 

(12) 

Introducing the following dimensionless variables 

v = y/L ur = uLlac2, h = HJop,ac2Ho, 

0 = -8*jNLc2, c2 = cl L3/va, 
(13) 

the equations (1 l), (7) and (5) become 

d’u, 
-2-+Mz%W= -1, 
drl dq 

d26’ 
---Fe = -u,, 
dr1* 

d*h dur 
--f--o, 
dq2 drl 

(14) 

(15) 

(16) 

where M, F and Ra are the dimensionless parameters 

defined in the nomenclature. 
The boundary conditions on u1 are 

u1 = 0 at n = *l: (17) 

Assuming u, as the electrical conductivity and d as 
the thickness of the walls, the boundary conditions on h 
are given by Shercliff [9] as 

dh h 
q&7=0 at 9=&l. (18) 

The boundary conditions on temperature due to 
Yu and Yang [5] are given by 

(19) 

Eliminating u1 and h from (14), (15) and (16) we get 

d48 
p-(F+A42)$+(M2F+Ra)B = c3, (20) 

where c3 is a constant and its solution can be readily 
determined. The solution of ur and h can then be 
obtained. The solution for 0, u1 and h satisfying the 

boundary conditions (17)-(19) are 

0=as[l-a3coshmlrl-(a:!-aln3)coshmzyl], (21) 

ui = as[F-~3(F-tn:)coshmi~ 

-(a2-a,a3)(F-m:)coshmzq], (22) 

h = a8 
sinh m, ;r? 

Rq+a3a4- 
ml 

+ (az --a1 a&Is 
sinh mz q 
___ 

1 m2 ’ 
(23) 

where 

tjmrsinhmr+coshmi 
ai = 

t+bm2 sinh m2 f cash m2 ’ 

1 
a2 = 

t+bm2 sinh m2 + cash rnz ’ 

F - a2 (F - mj) cash m2 

u3 =(F--m:)coshmi--ai(F--m$)coshm2’ 

a4 = mf(F-m:)-Ra, as = m:(F-m:)-Ra, 



a6 = Ra+u~a4coshm~+(az-u~a~)a~ coshmz, (24) 

sinh ml 
a7=Ru+aJa4- 

sinh m2 
+@2--&a3)&------, 

ml m2 

a8 = (l+~)/(&h+a,), c3 = a8(M2FfR~), 
m: =~[M2+F+~{(F-M2)Z-4Ra)], 

m: =$[M'+F--J{(F--M")"-~Ru)]. 

The velocity, the magnetic field and the temperature 
are dependent on the parameters M, F, Ra, 4 and J/ 
and the effect of the wall conductances can be studied 
with the help of the parameters 4 and $. 

RESULTS AND DISUNIONS 
_._..._+=0.5aodvarious I$ 

In order to study the effects of wall conductances 
on the hydromagnetic free and forced convective flow 
of the ratiating gas, we have presented the velocity, the 
magnetic field and the temperature in Figs. l-3 for 
various values of Cp and 11/ on taking M2 = 10, F = 2 
and Ru = 1. It is found from Figs. 1-3 that for fixed 
values of (p, the velocity and the magnetic field decrease 
while the temperature increases with the increase of $. 

L -0.7 ‘. 

FIG. 2. Magnetic field against q. 

8 
0.09 r d-=0 

“I 
0 30 

t- 

(p-0 

-IO -05 0 OS IO 

FIG. I. Velocity profiles against q. 

For fixed $, it is also clear from the same figures that 
the velocity and the temperature decrease whereas the 
magnetic field increases with increase of 4. 

The non-dimensional flow rate 

and the rate of heat transfer 

0 
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FIG. 3. Temperature profiles against q. 

are given by 

w= 2~s 
sinh rn2 

F-(u2-atu3)(F--m$)- 
m2 

sinh ml 
-as(F-m:)- , 1 f25) ml 

G = as[ua ml sinh ml + (a2 -ai as)mz sinh m2]. (26) 

In the absence of radiation (F = 0), equations (22), 
(21), (23), (25) and (26) are identical with equations 
(12), (13), (14), (17) and (18) respectively of Yu and 
Yang [S]. 

In the absence of wall conductances (4 = 0, rj = 0) 
equations (21)-(23), (25) and (26) reduce to 

m: cash rn2 q 
+ 9. ------- , (271 1 

m$--mi cosbmz _I 
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FIG. 4. Non-dimensional flow rate vs F. 

2.0 r 
h _+ =05andvarlous @ 

----_=00.50ndvorious+ 
15 

L#l=o 

.v=O M2=lC 

Acknowledgement-The authors wish to record their thanks 
to Prof. A. S. Gupta and referee for their valuable suggestions. 

0 1.5 30 45 

F 

FIG. 5. Non-dimensional rate of heat transfer vs F. 

1 
ul=- F- 

L 

m:(F-m:) coshml q 
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1> 

2 
w= 

a*(m$--mf) I 
F(m&mf)- 

mW-m:)tanhm 
1 

ml 

+ d(F-m?) 
tanhm2 , (30) 

m2 1 
G= 

tanh mz 
-__ 1; m2 

(31) 

where 

M'm$(F-mf) tanhml 
a*=Ra+----------- 

m$ -mf ml 

M2m:(F -m$ tanh m2 
_ 

m:-rnf 
- (32) 

m2 

Equations (27)-(3 1) are identical with equations (20)- 
(22), (24) and (25) of Gupta and Gupta [7], provided 

c4 1 

M2F+Ra=a*' 
(331 

Gupta and Gupta [7] left cq( =M’c~ -cz) as un- 
known. In our case c4 is not present and evaluation 
of it has been made on considering the fact that total 

current flowing between the walls of the channel is 
zero. 

In Figs. 4 and 5 the non-dimensional flow rate w 

and rate of heat transfer G have been plotted against F 

for M’ = 10, Ra = 1 and for various values of 4 and $. 
It is observed from Figs. 4 and 5 that for fixed F and 4, 
the flow rate and the rate of heat transfer decrease with 

the increase of 4. It is also observed that for fixed F 
and 4, w and G decrease with increase of $. But for 

fixed 4 and $, w increases while G decreases with the 
increase of F. It is seen from Figs. 4 and 5 that due to 
presence of radiation (F # 0), volume flow is more 
while rate of heat transfer is less than those in the 
absence of radiation (F = 0). 

It is interesting to note that the effects of 4 and $ 
are similar to those of M and Ra respectively on the 

velocity, the magnetic field, the temperature, the flow 
rate and the rate of heat transfer. 
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EFFET DES CONDUCTANCES DE LA PAR01 SUR LA CONVECTION 
HYDROMAGNETIQUE D’UN GA2 RAYONNANT DANS UN CANAL VERTICAL 

R&sum&-On donne une solution exacte de la convection itablie d’un fluide &lectriquement conducteur 
s’ttcoulant entre deux parois verticales conductrices de la chaleur et de l’Clectricit8 et soumis a un champ 
magnCtique transversal. I1 apparait qu’une augmentation de la conductance klectrique des parois produit 
unediminution de la vitesse, de la tempitrature, du d&bit de fluide et du flux thermique et une augmentation 
du champ magnttique. Cependant, une augmentation de la conductance thermique des parois produit 
une di~nution de la vitesse, du champ magnitique, du d&bit de fluide et du flux thermique et une 

augmentation de la tempirature. 

DER EINFLUSS DES W.&RMELEITVERMoGENS 
DER WAND AUF DIE HYDROMAGNETISCHE KONVEKTION EINES 

STRAHLENDEN GASES IN EINEM VERTIKALEN KANAL 

Zussmmenfassung-Es wurde eine exakte Liisung fiir die voll ausgebildete konvektive Stramung eines 
elektrisch leitenden Fluides zwischen zwei thermisch und elektrisch leitenden vertikalen Wiinden unter 
der Einwirkung eines transversalen Magnetfeldes gefunden. Es wurde festgestellt, dal3 die Geschwindigkeit, 
die Temperatur, der Massenstrom und der WSirmeiibergang mit wachsender elektrischer Leitfghigkeit 
der W&de abnimmt, wiihrend das Magnetfeld zunimmt. Nimmt die WIrmeleitfZhigkeit der WInde zu, 
so nimmt such die Temperatur zu, und die Gesch~ndigkeit, das Ma~etfeld, der M~s~strom und der 

W~rme~~rgang nehmen ab. 

BJIHXHkiE TEIIJIOI-IPOBOP[HOCTH CTEHOK HA IXiflPOMAI-HHTHYIO 
KOHBEKUIO IX4JIYYAKXI$E~O I-A3A B BEPTHKAJIbHOM KAHAJ-IE 

I@IO~- nOJ-iJ9%iO TOTHOt? ~LUeHBt? BJ-0-3 IlOJIHOCTbKY pa3BEfTOrO KOH~~KBHOrO Te'leHHII 

3JI~KT~RSeCKH IIpOBOAKIQe~ XZiAKOCTII Mem;qyAByM% BePT5fKaAbHbIMEf TepMWWCKE H 3JIeKTpwueCKU 

~~OBOAK~HMHCT~HK~MH IIOA AekTBSWM noneperHor0 MWHHTHO~O IIOJIR. Ha#seHo,'iTo c yBeJni- 

'if%IHehl 3JIeKTpOIlpOBO~HOCTH CTeHOK yMUibIIW0TCR CKOPOCTL, TeMlIepaTypii, PWXOA XCBAKOCTU S 

HHTetICHBHoCTb TelIJlOO6Mt%la,Zi BWIHWiHa hial-HUTHOTO IIOJIK BO3PaCTWT. B TO BPMR KBK yM@Hb- 

IlIal0TCX BenHWHi3 MallIHTHOfOlIOJIJi, PWXOA IKHAKOCTU li HHTeHCHBHOCTb TerxnO06MeHa,TeMnepa- 
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